Hartle's model for slowly rotating stars has been extensively used to compute equilibrium configurations of slowly rotating stars to second order in perturbation theory in General Relativity, given a barotropic equation of state (EOS). A recent study based on the modern theory of perturbed matchings show that the model must be amended to accommodate EOS's in which the energy density does not vanish at the surface of the non rotating star. In particular, the expression for the change in mass given in the original model, i.e. a contribution to the mass that arises when the perturbations are chosen so that the pressure of the rotating and non rotating configurations agree, must be modified with an additional term. In this paper, the amended change in mass is calculated for the case of constant density stars.
Introduction
Hartle's model [6] describes the axially symmetric equilibrium configuration of a rotating isolated compact body and its vacuum exterior in perturbation theory in GR. The interior of the body is a perfect fluid satisfying a barotropic equation of state, it does not have convective motions and rotates rigidly. The exterior is an asymptotically flat, stationary and axisymmetric vacuum and both the interior and the exterior share equatorial symmetry. The interior and exterior are matched across a timelike hypersurface that represents the boundary of the star.
Hartle's model is built taking slow rotation perturbations around a static and spherically symmetric background. The perturbed field equations for the interior region are presented with conditions at the origin so that, once a barotropic EOS is specified, regular solutions for the fluid are found. On the other hand, the vacuum equations can be analytically solved and the solutions compatible with asymptotic flatness are given. The solutions for both fluid and vacuum are completely determined assuming that the metric perturbations are continuous in the coordinates used at the boundary of the star, where the fluid and vacuum spacetimes are matched.
However, the theory that provides the matching conditions in a perturbed sense to first and second order, formulated independently of the coordinates used to describe the background configurations and also of the gauges (both spacetime and hypersurface) used to describe the perturbed configurations, is very recent [8] . Hartle's model has been revisited in a fully consistent manner from the perspective of the modern theory of perturbed matchings in [10] . In particular, in that work it has been found that a function in the second order perturbations, m 0 (r), in the coordinates and gauges used in the original work [6] is not continuous, in contradiction with the implicit assumption there. It turns out that the discontinuity of the function m 0 (r) affects a particular outcome of the model, the change in mass δM , which is the contribution to the mass of the rotating configuration that arises when the central densities (pressures in this paper) of the non-rotating and rotating configurations are forced to agree. The jump on a radial m 0 function already appears implicitly in the revision of Hartle's model in [1] , where the matching hypersurface is prescribed as the set of points where the perturbed pressure vanishes in a certain gauge.
The correction to δM found in [10] is proportional to the energy density evaluated at the (non rotating) surface of the star. Hence, it is negligible when the usual equations of state for neutron stars are considered, since the pressure and the energy density typically decrease together and vanish simultaneously at the surface of the star. This is the behaviour shown by, e.g. polytropic EOS's. Nevertheless, the correction may be relevant in other EOS's for which the energy density takes a finite value at the boundary, which is precisely the case of linear equations of state, for instance those used to describe strange quark stars [4] , or constant density (homogeneous) stars [3] .
In this work the particular case of homogeneous stars is studied. This equation of state may not be realistic in physical terms, but its study is interesting for several reasons. First of all the spherically symmetric and static configuration can be solved analytically and hence, the perturbed field equations become simpler.
Secondly, it is interesting to know how noticeable the correction for the change in mass might be in numerical terms. There are factors in the change in mass that are easy to estimate and, in fact, can be taken as inputs for the model, as the mass and the size of the static and spherically symmetric star. In contrast, the perturbation to the pressure is not easily estimated and the model must be solved to second order. Another important factor is the value of the energy density at the surface of the star in the nonrotating configuration and this is precisely the reason for having chosen this particular EOS. It is probably one of the most favourable cases for the correction. Thus, it is reasonable to think that the constant energy EOS may constitute a numerical bound for the amended change in mass, since for any other of the usual EOS the value of the energy density at the surface will not be as important as in the present case.
Homogeneous stars drew the attention of Chandrasekhar and Miller [3] , back in 1974. In that work, they used Hartle's formalism to solve the homogeneous star in the slow rotating approximation. These have also been studied under the CMMR formalism [2] , a treatment based on the post-Minkowskian and small deformation approximations in [5] , as a particular case of the linear EOS.
In this paper Chandrasekhar and Miller's work is retaken, following Hartle's setting as described in [10] and taking into account the correct value of δM . The results are presented in an analogous way to [3] to ease the comparison of tables and figures.
Hartle's model in brief
Hartle's model is based upon the following one parameter family of metrics
defined on the static and spherically symmetric background spacetime (V 0 , g := g ε=0 ) so
The first and second order metric perturbation tensors, K 1 = ∂ ε g ε | ε=0 and K 2 = ∂ 2 ε g ε | ε=0 take the form
where the functions in K 2 admit the decompositions h(r, θ) = h 0 (r) + h 2 (r)P 2 (cos θ), m(r, θ) = m 0 (r) + m 2 (r)P 2 (cos θ) and k(r, θ) = k 2 (r)P 2 (cos θ). Note that the choice k 0 (r) = 0 fixes the second order spacetime gauge at both regions (fluid and vacuum, see [10] ). The second order perturbation tensor as written in (3) with k 0 (r) = 0 is said to be in the k-gauge in [10] . The perturbed Einstein's field equations are imposed as follows. Consider the ε family of equations G(g ε ) αβ = 8πT εαβ and take the first order field equations as the first ε-derivative at ε = 0, i.e. ∂ ε G(g ε ) αβ | ε=0 = ∂ ε T εαβ | ε=0 and the same for successive orders. For the interior region consider a family of perfect fluids so that T ε = (E ε + P ε )u ε ⊗ u ε + P ε g . The unit fluid flow under the assumption of circularity and rigid rotation explicitly reads
for some constant Ω. The energy density and pressure admit the expansions
where the first order terms in ε vanish due to the structure of the perturbed field equations to first order [6] (see also [1, 10] ). The field equations lead to
2 (r)P 2 (cos θ) [6] (see also [1, 10] ). Consider two copies of the spacetime introduced so far, (V The background configuration for the interior region satisfies the equations of general relativistic hydrostatics addressed in [6] dM
where the functions M + (r + ) and P (r + ) are related to the metric functions λ + (r + ) and ν + (r + ) by
This set of equations determines the interior configuration once the values of the energy density E and pressure P at the origin are given. The function ν + is determined up to an additive constant.
For the exterior vacuum E = P = 0, thus M − (r − ) = M is a constant and the metric functions are given by
These two background spacetimes (V
The most general matching preserving the symmetries [11] (spherical and static) can be cast in parametric form in terms of three coordinates {τ, φ, ϑ} on Σ 0 as
for some constants R + , R − without loss of generality, and must satisfy (e.g. [10] )
where [f ] is the difference of a function f at the fluid region and the value of f at the vacuum region evaluated on Σ 0 , i.
The first condition establishes that the constants R ± must agree, the condition [λ] = 0 relates the constant M of the vacuum solution with the mass of the fluid M + (R) = M , [ν] = 0 fixes the value of the function at the origin and [ν ] = 0 then implies that the pressure must vanish at the surface of the star P (R) = 0. The constant R is called a in [6, 10] .
With the background configuration already matched, the first order perturbations can be studied. In order to cast the first order field equations in a compact form, an auxiliary function j is defined as j := e −(ν+λ)/2 , j − = 1.
In the first order perturbation tensor (2) , only the function ω(r) is involved. In fact, it is convenient to work with the functionω(r) := Ω − ω(r) that satisfies the single field equation [6] 1
This equation is integrated from the origin outwards, with conditions that ensure that the solution is regular at the origin. Thus, there is only one parameter that must be provided to completely determine the interior solution. In the present work it is chosen to be the value ofω + at the origin, denoted byω + c , although it is common in the literature to specify others, like the critical angular velocity for which rotational shedding occurs [7] .
Equation (14) in the vacuum region holds for j = 1, which leads tõ
given asymptotic flatness. Choosing the spacetime gauge to first order in the fluid region conveniently, the functionsω + andω − satisfy the matching conditions [ω] = [ω ] = 0 [10] . Hence the constant Ω is indeed the rotation of the fluid measured by a distant observer (see [10] for a deeper discussion) . This constant along with the angular momentum of the star J are thus determined by
The moment of inertia I is defined in terms of these two constants as I := J/Ω. Regarding the second order perturbations, the change in mass involves the l = 0 sector alone and this can be studied independently from the l = 2 sector [6] . The functions involved in the l = 0 sector are thus m 0 and h 0 . Although in [1, 6] and [10] the approaches taken to describe the deformation of the star are different at a fundamental level, the deformation is described in the three references by the value that the perturbation of the pressure P .
In the interior region the function h and the field equations provide a system of first order inhomogeneous ODE's for the set {m + 0 ,P (2) 0 }. It reads [6, 10] 
The equations must be integrated with conditions that ensure regularity at the origin. In addition, it is imposed that the central pressure of the non rotating configuration is preserved in the rotating model, so thatP (2) 0 (0) = 0 (see [1] for a deeper discussion). The system admits the hydrostatic equilibrium first integral [6] , which allows for the determination of h + 0 . Explicitly,
where γ is a constant. Note that, onceP 
for some arbitrary constant δM . This constant is identified as the change in mass. At this point the interior solution {m
0 } is completely determined, while the exterior solution m − 0 (20) is determined up to δM . In order to fix it the interior and the exterior solutions must be related at Σ 0 . The full second order matching is presented in [10] but in here only the result regarding the functions m ± 0 is needed, which on Σ 0 satisfy
This matching condition thus fixes the constant δM as
0 (R).
In order to compare the results here with [3] the change in mass is split into two contributions: the one given originally in reference [6] and used in [3] , δM
and the correction found in [10] , δM (C) = 4π
Homogeneous stars
When the energy density E is constant, the equations of structure (8), (9) that govern the (static, spherically symmetric) background configuration admit an analytical solution. In terms of the constant density E and the central pressure P c , that solution is given by
This solution stands for the whole interior region, i.e. from r + = 0 to r + = R. The vacuum solution is given by (10) and extends from r + = R to infinity. The two solutions are related by means of the matching conditions for the background configuration (12) . The "continuity" of λ and ν implies that M = 4πER 3 /3 and P (R) = 0. With the background configuration already matched, it is convenient to change from the interior parameters {E, P c } to the exterior parameters {M, R}. Thence the solution (23) takes the form as given in [9, 12] . In order to present the results as in [3] , the exterior parameters still have to be scaled with the Schwarzschild radius R S := 2M so that they become {R S , R/R S }. Inverting the relation between the parameters one finds
Equation (26) implies a constraint on the background exterior parameters. In order to keep the central pressure finite, the following inequality must hold [3] 0
In order to write the field equations for the fluid as in [3] , two constants that replace E and R must be introduced as
The constant α is related to the Schwarzschild radius R S by
Hence, given any function in units of α, it can be easily converted to units of the Schwarzschild radius by simply scaling it with the proper factor R/R S . Following the conventions in [3] , the radial coordinate in the interior region is finally substituted by
This change is well defined once the inequality (27) holds. The domain of definition of this coordinate is x ∈ [0, 2/3). The radius of the star is denoted by X, which in terms of κ is expressed as X = (2 − κ)/3. Finally, in terms of x the auxiliary function j
Considering the background solution (23)-(25) and the definitions introduced so far, the first order field equation (14) for the interior region is written in terms of the radial coordinate x as
The behaviour ofω + near the origin is fixed bỹ
The second order field equations (18) and (19) are written in terms of the radial coordinate x as [3] 
Regularity at the origin demands [3] 
Once the values of the functions m
in x = X are found, the change in mass is calculated using expression (22). In order to present the numerical results, it is convenient to express δM divided by the mass of the background configuration M , and in units of
Note that the field equations for the first (31) and second order (33), (34) and the conditions at the origin (32) and ( 2 , and thus, depend only on one free parameter, κ, from the background configuration. This parameter κ is in fact determined by the ratio of the radius of the spherical star to the Schwarzschild radius R/R S by means of (28) and (29). Hence the model is solved just specifying a value of R/R S . A sequence of models with different values of R/R S is explored and the results for the first and second order are presented below.
The first order results are shown in Table 1 , which includes the moment of inertia and the valueω + /(J/R 3 S )| Σ 0 for different values of R/R S . For a solid sphere in the Newtonian regime, the normalized momentum of inertia i := I/M R 2 takes the value 2/5, which is achieved asymptotically (see Table 1 ). The comparison with a sphere makes sense because the first order perturbations do not change the shape of the star. Hence, the deviation between this value and the values shown in Table 1 is an effect of the twisted geometry. These results 2 fully agree with those presented in [3] . The numerical results for the second order are summarized in Table 2 and Figures 1  and 2 . In Figure 1 
respectively. In order not to overwhelm the notation in the subsequent discussion, let us refer to these two previous functions as m 0 (R/R S ) andP 0 (R/R S ) respectively. As mentioned in [3] these are not monotonic functions and they both present a maximum, the first one at R/R S ∼ 1.29 and the second at R/R S ∼ 1.82. Note that the functionP 0 is negative for small values of R/R S and this implies that the average deformation of the star to second order 3 can be either negative or positive, so that the star may show either contraction or expansion to second order depending on the background parameters. It is worth noting that m 0 andP 0 attain values of the same order and the ratio is about 1.63 for big values of R/R S . For a more detailed discussion we refer the reader to the original work [3] .
Finally, the results including the corrected change in mass and their comparison with those presented in [3] are shown in Table 2 and Figure 2 . In Table 2 some values of the change in mass as a function of R/R S are presented. In the second column the value of δM (O) /M , which corresponds to the δM/M given in [3] , is shown, whereas the third column includes the correct change in mass (22) and, lastly, the fourth column shows the fraction of the change in mass that corresponds to the correction. In fact, the correction becomes the dominant contribution in δM as the quotient R/R S increases. The behaviour of δM/M is shown for a wide range of the variable R/R S in Figure 2 . δM/M presents a maximum at R/R S ∼ 2.81 and then decreases more slowly than the δM (O) /M presented in [3] , which decays monotonically. The amended δM/M and δM (O) /M agree for R/R S ∼ 1.27158.
There is a combination of two facts that makes the correction δM (C) not only noticeable, but also dominant in homogeneous stars. On the one hand, as shown in Figure 1 , m 0 andP 0 are quantities of the same order. On the other hand, in formula (37), the coefficient withP 0 scales linearly with R/R S . These results definitely reveal that the Table 2 : The change in mass δM (O) /M typical from the literature, the amended change in mass δM/M and the fraction of the correction with respect to the total change in mass are presented for different values of R/R S . correction to the change in mass is important in homogeneous stars and it can not be neglected at all. Again, the correction to δM depends crucially on the value of the energy density at the surface of the static and spherically symmetric configuration, and hence, it does not contribute, in principle, to δM in the usual EOS's for neutron stars. However actual models of neutron stars show a residual value associated with the numerical error present when the radius of the star is determined by P (R) = 0. Therefore, the correction to the change in mass might be relevant in order to improve the precision in the determination of the mass of the rotating configuration. This fact regarding the usual EOS's for neutron stars and other cases of interest are currently under study. 
